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Abstract
In this paper, we study the superconvergence of the frictionless Signorini problem. When approximated by bilinear finite
elements, by virtue of the information on the contact zone, we can derive a superconvergence rate of O(h
3
2 ) under a proper
regularity assumption. Finally, a numerical test is given to verify our result.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
In the theory of variational inequalities and their approximations by finite element methods, the unilateral contact
models hold a particular place. Developing efficient computing tools for the numerical simulations of such models
is attracting increased interest in many physical fields: hydrostatics, thermostatics, solid mechanics, etc., and their
numerical analysis is addressed in many works. (See [1–3,5,7–16,20,21,23,24] and the references therein. For a large
review of the main unilateral contact models we refer to [7,15].) It is well known that the unilateral contact models
are typically represented by the Signorini problem. The numerical analysis of their convergence has been explored
in detail. For the Signorini problem with frictionless boundary, most often, linear (or bilinear) finite elements are
used in practice, see [21,5,1,2]. To the knowledge of the authors, the best convergence rate of this approximation is
O(h| log h| 14 ) obtained in [2].
On the other hand, it is well known that superconvergence is a powerful tool for improving accuracy, and plays an
important role in the a posteriori error estimate, mesh refinement and adaptivity. In this paper, bilinear finite elements
are employed to analyze the global superconvergence of the Signorini problem with the frictionless boundary. Under
a proper regularity assumption, we will prove the superconvergence of O(h
3
2 ) on a rectangular domain. An outline of
this paper is as follows. Section 2 is dedicated to the presentation of the Signorini problem and the description of its
approximation by bilinear finite elements. In Section 3, we discuss its superapproximation property by virtue of the
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information on the contact zone. Section 4 is devoted to constructing a post-processing operator in order to obtain a
global superconvergence. Finally, in Section 5, a numerical test is carried out to verify our result.
2. The Signorini problem
Now we need to set some notations and recall some functional tools necessary for our analysis. For simplicity, let
Ω ∈ R2 be a Lipschitz domain whose generic point is denoted by x = (x1, x2). Throughout this paper, we shall use
the notation Wm,p(Ω) to denote the usual Sobolev space with the norm and the seminorm, respectively (cf. [4,6]),
‖ψ‖m,p,Ω =
( ∑
0≤|α|≤m
‖∂αψ‖pL p(Ω)
) 1
p
,
|ψ |m,p,Ω =
( ∑
|α|=m
‖∂αψ‖pL p(Ω)
) 1
p
,
and make the traditional changes when p = ∞. As usual, we shall drop the index p when it is equal to 2 and write
Hm(Ω) instead of Wm,2(Ω).
The norm of the fractional order Sobolev space H ν(Ω), ν ∈ R+ \ N , is defined by
‖ψ‖ν,Ω =
(
‖ψ‖2m,Ω +
∑
|α|=m
∫
Ω
∫
Ω
(∂αψ(x)− ∂αψ(y))2
|x− y|2+2θ dxdy
) 1
2
,
where m is the integer part of ν and θ its decimal part.
Assume that Ω is a bounded two-dimensional polygon; let Γ j denote the sides of ∂Ω and n j the corresponding
exterior unit normal, 1 ≤ j ≤ J . Then the the mapping
T : ψ 7→
(
∂ψ
∂n j
; 1 ≤ j ≤ J
)
is linear, continuous and surjective from H k+2(Ω) onto
4∏
j=1
H k+
1
2 (Γ j ),
for any k ≥ 0 (cf. [10]).
For simplicity, let Ω be a rectangular domain in R2. The boundary ∂Ω is a union of the three nonoverlapping
portions ΓD,ΓN and ΓC . The part ΓD of nonzero measure is subjected to Dirichlet condition while on ΓN a
Neumann condition is prescribed, and ΓC is the candidate to be in contact with a rigid frictionless obstacle. To avoid
technicalities arising from the special Sobolev space H
1
2
00(ΓC ), we assume that ΓD and ΓC do not contact each other.
For the given data f and g, ∂Ω = ΓD ∪ ΓN ∪ ΓC , the Signorini problem consists of finding u to satisfy (cf. [1]):
−4u = f, in Ω ,
u = 0, on ΓD,
∂u
∂n
= g, on ΓN ,
u ≥ 0, ∂u
∂n
≥ 0, u ∂u
∂n
= 0, on ΓC = Γ 0C ∪ Γ 1C , (2.1)
where n is the outward unit normal to ∂Ω and
Γ 0C = {x ∈ ΓC , u(x) = 0},
Γ 1C = {x ∈ ΓC , u(x) > 0}.
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The functional framework well suited to solve problem (2.1) consists of working with a subset of the following
Sobolev space:
H10 (Ω ,ΓD) = {v ∈ H1(Ω), v|ΓD = 0}.
The contact condition enters the variational formulation through the introduction of the closed convex cone
K (Ω) = {v ∈ H10 (Ω ,ΓD), v|ΓC ≥ 0, a.e.}.
The primal variational principle applied to the Signorini problem yields the variational inequality:
Find u ∈ K (Ω) such that
a(u, v − u) ≥ L(v − u), ∀v ∈ K (Ω), (2.2)
where
a(u, v) =
∫
Ω
∇u∇vdx,
and
L(v) =
∫
Ω
f vdx+ < g, v > 1
2 ,ΓN
.
It is can be verified that a(·, ·) and L(·) fulfill the Stampacchia theorem’s hypothesis, the continuity for both of them
and the ellipticity for a(·, ·). Thus the weak problem (2.2) is well posed and has the unique solution in K (Ω) that
depends continuously on the data f and g.
For any given discretization parameter h ≥ 0, let Th be a regular partition of Ω into rectangles with a maximum
size h:
Ω¯ =
⋃
e∈Th
e¯.
Denote the set of vertices of the elements by Υh . The vertices of ΓC are {c1, c2} and those of ΓD are {c′1, c′2}. Th
is constructed in such a way that the set {c1, c2, c′1, c′2} is included in Υh . Let us introduce the finite-dimensional
subspace of H10 (Ω ,ΓD):
Xh(Ω) = {vh ∈ C(Ω¯),∀e ∈ Th, vh |e ∈ Q1(e), vh |ΓD = 0},
where Q1 stands for the set of bilinear polynomials on e. The discrete closed convex cone Kh(Ω) is naturally defined
as
Kh(Ω) = {vh ∈ Xh(Ω), vh |ΓC ≥ 0}.
It is easy to see that Kh(Ω) is a subset of K (Ω). Furthermore, we use the notation Ih to denote the Lagrangian
interpolation operator. Then for any v ∈ K (Ω), we have Ihv ∈ Kh(Ω), and for any (µ, γ ) ∈ [0, 1] × [1, 2], the
following error estimate holds:
‖v − Ihv‖µ,Ω ≤ Chγ−µ‖v‖γ,Ω , (2.3)
where the constant C = C(µ, γ,Ω) depends only on (µ, γ,Ω).
The finite element approximation of the problem (2.2) is defined to find uh ∈ Kh(Ω) such that
a(uh, vh − uh) ≥ L(vh − uh), ∀vh ∈ Kh(Ω). (2.4)
Using again Stampacchia’s theorem, we obtain the existence and the uniqueness of the solution uh ∈ Kh(Ω).
3. The superapproximation
In this section, we will establish a superapproximation property for the bilinear finite element, which is a key
ingredient of the superconvergence analysis. The following theorem is the main result of this section.
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Theorem 1. Let u ∈ H 52 (Ω) be the solution of (2.2), and u I ∈ Kh(Ω) the bilinear interpolation of u. Then the
following estimate holds:
|u I − uh |1,Ω ≤ Ch 32 ‖u‖ 5
2 ,Ω
. (3.1)
Remark 1. In fact, the assumption u ∈ H 52 (Ω) is reasonable if f and g are smooth enough. See, for example, [20].
In order to prove Theorem 1, we need the following two lemmas.
Lemma 1. Suppose that u ∈ Hσ (Ω) (1 ≤ σ ≤ 3), and u I is the bilinear interpolation of u. Then we have∫
Ω
∂(u − u I )
∂x1
∂vh
∂x1
dx = O(hσ−1)|u|σ,Ω |vh |1,Ω , ∀vh ∈ Xh(Ω). (3.2)
Proof. Suppose that e is an arbitrary element of Th . Let F : e 7→ eˆ be the affine mapping from e to eˆ defined by
xˆ1 = x1 − xe1he , xˆ2 =
x2 − xe2
ke
,
where xe = (xe1 , xe2) is the center of the rectangular element e. By the scaling argument, it can be derived that∫
e
∂(u − u I )
∂x1
∂vh
∂x1
dx = 4heke
h2e
∫
eˆ
∂(uˆ − uˆ I )
∂ xˆ1
∂vˆh
∂ xˆ1
dxˆ.
Since vˆh ∈ Q1(eˆ), we assume ∂vˆh∂ xˆ1 = α1 + α2 xˆ2, where α2 =
∂2vˆh
∂ xˆ1∂ xˆ2
, α1 = ∂vˆh∂ xˆ1 −
∂2vˆh
∂ xˆ1∂ xˆ2
xˆ2.
Thus, we have∫
eˆ
∂(uˆ − uˆ I )
∂ xˆ1
∂vˆh
∂ xˆ1
dxˆ = α1
∫
eˆ
∂(uˆ − uˆ I )
∂ xˆ1
dxˆ+ α2
∫
eˆ
∂(uˆ − uˆ I )
∂ xˆ1
xˆ2dxˆ = I1 + I2.
It can be easily checked that∣∣∣∣∫
eˆ
∂(uˆ − uˆ I )
∂ xˆ1
dxˆ
∣∣∣∣ ≤ C‖uˆ‖σ,eˆ,
and ∫
eˆ
∂(uˆ − uˆ I )
∂ xˆ1
dxˆ = 0, ∀uˆ ∈ P2(eˆ).
From the Bramble–Hilbert lemma we derive that∣∣∣∣∫
eˆ
∂(uˆ − uˆ I )
∂ xˆ1
dxˆ
∣∣∣∣ ≤ C |uˆ|σ,eˆ.
It follows from the norm equivalent theorem of the finite element space that,
I1 ≤ C |uˆ|σ,eˆ
∥∥∥∥∂vˆh∂ xˆ1
∥∥∥∥
1,∞,eˆ
≤ C |uˆ|σ,eˆ
∥∥∥∥∂vˆh∂ xˆ1
∥∥∥∥
0,eˆ
≤ Chσ−1|u|σ,e|vh |1,e.
Similarly, we can also obtain
I2 ≤ Chσ−1|u|σ,e|vh |1,e.
A collection of all the elements e ∈ Th verifies the assumption. 
Let vh = u I − uh . From the regularity assumption u ∈ Hσ (Ω) with σ = 52 , we have
a(u I − u, u I − uh) = a(u I − u, vh)
=
∫
Ω
∂(u − u I )
∂x1
∂vh
∂x1
dx+
∫
Ω
∂(u − u I )
∂x2
∂vh
∂x2
dx
= O(h 32 )‖u‖ 5
2 ,Ω
‖vh‖1,Ω . (3.3)
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Lemma 2. Assume that u ∈ H 52 (Ω) ∩ K (Ω) is the solution of the variational Signorini inequality (2.2), and
uh ∈ Kh(Ω) the solution of the discrete variational inequality (2.4). Let u I ∈ Kh(Ω) be the bilinear interpolation of
u, then we have∫
ΓC
∂u
∂n
(u I − uh)dΓ ≤ Ch3‖u‖25
2 ,Ω
. (3.4)
Proof. For an arbitrary boundary element e, there are three cases for its edge on ΓC (set Fe = e¯ ∩ ΓC ):
(i) When Fe ⊂ Γ 0C , we have (u I − u)|Fe = 0.
(ii) When Fe ⊂ Γ 1C , because u ∂u∂n = 0, we have ∂u∂n |Fe = 0.
(iii) We simply need to consider the case that Fe ∩ Γ 0C 6= 0 and Fe ∩ Γ 1C 6= 0. The set of such elements is denoted by
Λh . Noticing that −
∫
ΓC
∂u
∂nuhdΓ ≤ 0 and u ∂u∂n = 0 on ΓC , it can be derived that∫
ΓC
∂u
∂n
(u I − uh)dΓ ≤
∫
ΓC
∂u
∂n
u IdΓ =
∫
ΓC
∂u
∂n
(u I − u)dΓ . (3.5)
Moreover,∫
ΓC
∂u
∂n
(u I − u)dΓ ≤
∑
e∈Λh
∫
Fe
∂u
∂n
(u I − u)dΓ
≤
∑
e∈Λh
∫
Fe
∂u
∂n
(u I − u)dΓ
≤
∑
e∈Λh
∥∥∥∥∂u∂n
∥∥∥∥
0,Fe
‖u I − u‖0,Fe
≤
∑
e∈Λh
ch
∥∥∥∥∂u∂n
∥∥∥∥
0,Fe
∥∥∥∥∂u∂s
∥∥∥∥
0,Fe
. (3.6)
For the rectangular domain in R2 we are concerned with the following. Let Γ j ( j = 1, . . . , 4) denote the sides
of ∂Ω . When u ∈ H 52 (Ω), ∂u
∂n ,
∂u
∂s ∈
∏4
j=1 H1(Γ j ). Noticing that H1(Γ j ) b C0(Γ j ), Fe ∩ Γ 1C 6= 0 and u ∂u∂n = 0
on ΓC , then there must exist a point pe on Fe, such that
∂u
∂n (pe) = 0.
Set ∂u
∂n = w. Then the following inequality holds
‖w‖20,Fe =
∫
Fe
(w2(x)− w2(pe))dΓ
=
∫
Fe
∫ x
pe
dw2(t)
dt
dΓdΓ
≤ 2|Fe|
∫
Fe
|w(t)|dw(t)
dt
dΓ
≤ 2|Fe|‖w‖0,Fe |w|1,Fe ,
which gives∥∥∥∥∂u∂n
∥∥∥∥
0,Fe
≤ ch
∣∣∣∣∂u∂n
∣∣∣∣
1,Fe
. (3.7)
As far as the value of u is concerned, because Fe ∩ Γ 0C 6= 0, there must be a point qe on Fe, such that u(qe) = 0.
Noticing that u ≥ 0 on ΓC , the continuity of u implies ∂u∂s (qe) = 0. Similarly, we have∥∥∥∥∂u∂s
∥∥∥∥
0,Fe
≤ ch
∣∣∣∣∂u∂s
∣∣∣∣
1,Fe
. (3.8)
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It follows from (3.5)–(3.8) and the Cauchy–Schwartz inequality that∫
ΓC
∂u
∂n
(u I − uh)dΓ ≤
∑
e∈Λh
ch
∥∥∥∥∂u∂n
∥∥∥∥
0,Fe
∥∥∥∥∂u∂s
∥∥∥∥
0,Fe
≤
∑
e∈Λh
ch3
∣∣∣∣∂u∂n
∣∣∣∣
1,Fe
∣∣∣∣∂u∂s
∣∣∣∣
1,Fe
≤
4∑
j=1
Ch3
∣∣∣∣∂u∂n
∣∣∣∣
1,Γ j
∣∣∣∣∂u∂s
∣∣∣∣
1,Γ j
≤ Ch3‖u‖25
2 ,Ω
, (3.9)
which leads to the conclusion (3.4). 
Proof of Theorem 1. Noticing that
|u I − uh |21,Ω = a(u I − uh, u I − uh)
= a(u I − u, u I − uh)+ a(u − uh, u I − uh)
= a(u I − u, u I − uh)+ a(u, u I − uh)− a(uh, u I − uh), (3.10)
then by (2.4), we have
a(uh, u I − uh) ≥
∫
Ω
f (u I − uh)dx+
∫
ΓN
g(u I − uh)dΓ . (3.11)
Since
a(u, u I − uh) = −
∫
Ω
4u(u I − uh)dx+
∫
∂Ω
∂u
∂n
(u I − uh)dΓ
=
∫
Ω
f (u I − uh)dx+
∫
ΓN
g(u I − uh)dΓ +
∫
ΓC
∂u
∂n
(u I − uh)dΓ , (3.12)
a combination of (3.10)–(3.12) gives
|u I − uh |21,Ω ≤ a(u I − u, u I − uh)+
∫
ΓC
∂u
∂n
(u I − uh)dΓ . (3.13)
By (3.3) and (3.4), we complete the proof of Theorem 1. 
4. The superconvergence
In order to obtain global superconvergence, let us construct a post-processing operator Π 22h which is defined by{
Π 22hw|τ ∈ Q2(τ ), ∀w ∈ C(τ ),
Π 22hw(Zi ) = w(Zi ), i = 1, 2, . . . , 9,
(4.1)
where τ =⋃4i=1 ei , and Zi (i = 1, . . . , 9) are the vertices of four small elements ei (i = 1, . . . , 4) (see Fig. 4.1).
It can be checked that the interpolation defined by (4.1) is well posed. Furthermore, it has the following properties
(cf. [17–19,22]):
Π 22hwI = Π 22hw,
|Π 22hvh |1,Ω ≤ C |vh |1,Ω , ∀vh ∈ Xh(Ω),
|Π 22hw − w|1,Ω ≤ Ch2|w|3,Ω ,
(4.2)
where wI ∈ Xh(Ω) is the bilinear interpolation of w.
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Fig. 4.1. The element τ .
Fig. 5.1. The Signorini problem.
Theorem 2. Assume that u ∈ H 52 (Ω)∩ K (Ω), uh ∈ Kh(Ω) are the solutions of (2.2) and (2.4), respectively. If Th is
a regular rectangular mesh, then the superconvergence estimate holds
|u −Π 22huh |1,Ω ≤ Ch
3
2 ‖u‖ 5
2 ,Ω
. (4.3)
Proof. By the superapproximation result (3.1) and the properties of Π 22h desired in (4.2), we have
|u −Π 22huh |1,Ω ≤ |u −Π 22hu I |1,Ω + |Π 22hu I −Π 22huh |1,Ω
= |u −Π 22hu|1,Ω + |Π 22hu I −Π 22huh |1,Ω
≤ |u −Π 22hu|1,Ω + C |u I − uh |1,Ω
≤ Ch 32 ‖u‖ 5
2 ,Ω
, (4.4)
which leads to the desired result. 
5. Numerical test
Let us consider the following problem (cf. [23]):
−∆u = 2pi sin(2pix1), in Ω ,
u = 0, on ΓD,
∂u
∂n
= 0, on ΓN ,
u ≥ 0, ∂u
∂n
≥ 0, u ∂u
∂n
= 0, on ΓC ,
(5.1)
where Ω = [0, 1] × [0, 1], ΓD = [0, 1] × {1} is the Dirichlet boundary, ΓC = [0, 1] × {0} is the contact boundary and
ΓN = {0} × [0, 1] ∪ {1} × [0, 1] is the Neumann boundary (as shown in Fig. 5.1).
Since there is no exact solution to the above problem, we use the numerical solution on a sufficient refined
mesh (h = 1512 ) as the reference solution, then compare the numerical solutions on the coarser meshes (h =
1
2 ,
1
4 ,
1
8 ,
1
16 ,
1
32 ,
1
64 ) with the reference one. Denote E1,h = |u−uh |1,Ω , E2,h = |uh−u I |1,Ω , E3,h = |u−Π 22huh |1,Ω .
Table 5.1 shows the errors in the H1 seminorm for the bilinear finite element when the reference mesh is 512× 512.
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Fig. 5.2. Superapproximation and superconvergence.
Table 5.1
Errors in H1 seminorm
Mesh 2× 2 4× 4 8× 8 16× 16 32× 32 64× 64
E1,h 0.578240 0.259615 0.135084 0.068040 0.034150 0.016980
E2,h 0.115049 0.033264 0.011320 0.004096 0.002085 0.000363
E3,h 0.552734 0.160119 0.066968 0.019454 0.004914 0.001455
Since the solution on the 512×512 mesh is not the exact one, there is the phenomenon that the superapproximation
rate is not very uniform when the mesh size h becomes smaller (see Fig. 5.2). The average superapproximation rate
and superconvergence rate are 1.6612 and 1.7138, respectively. From the numerical result listed above, we can see
that the post-processing scheme is robust in the enhancement of the accuracy. However, the additional computation
cost is very low compared with that of the finite element solution.
Acknowledgements
The second author was supported by National Basic Research Program of China (2005CB321701).
The third author was supported by the Special funds for major state basic research project (2007CB8149), the
National Natural Science Foundation of China (10471103 and 10771158), Social Science Foundation of the Ministry
of Education of China (Numerical methods for convertible bonds, 06JA630047), Tianjin Natural Science Foundation
(07JCYBJC14300).
References
[1] F.B. Belgacem, Numerical simulation of some variational inequalities arisen from unilateral contact problems by the finite element methods,
SIAM J. Numer. Math. 37 (2000) 1198–1216.
[2] F.B. Belgacem, Y. Renard, Hybrid finite element methods for the Signorini problem, Math. Comp. 72 (2003) 1117–1145.
[3] Z. Belhachmi, F.B. Belgacem, Quadratic finite element approximation of the Signorini problem, Math. Comp. 72 (2003) 83–104.
[4] S.C. Brenner, L.R. Scott, The Mathematical Theory of Finite Element Methods, Springer-Verlag, 1994.
[5] F. Brezzi, W.W. Hager, P.A. Raviart, Error estimates for the element solution of variational inequalities, part I primal theory, Numer. Math.
28 (1977) 431–443.
[6] P.G. Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam, 1978.
[7] G. Duvaut, J.-L. Lions, Les ine´quations en me´canique et en physique, Dunod, Paris, 1972.
[8] R. Glowinski, J.-L. Lions, R. Tre´molie`res, Analyse Nume´riques des ine´quations Variationnelles, Tomes, vol. 1, Dunod, Paris, 1976.
[9] P. Grisvard, Elliptic Problems in Nonsmooth Domains, in: Monographs and Studies in Mathematics, vol. 24, Pitman, 1985.
[10] P. Grisvard, Singularities in Boundary Value Problems, Springer-Verlag, 1992.
[11] J. Haslinger, I. Hlava´c˘ek, Contact between elastic bodies-2, finite element analysis, Aplikace Matematiky 26 (1981) 263–290.
292 M.-x. Li et al. / Journal of Computational and Applied Mathematics 222 (2008) 284–292
[12] J. Haslinger, I. Hlava´c˘ek, J. Nec˘as, Numerical Methods for Unilateral Problems in Solid Mechanics, in: P.G. Ciarlet, J.L. Loins (Eds.),
Handbook of Numerical Analysis, vol. IV, Part 2, North Holland, Amsterdam, 1996.
[13] S. Hu¨eber, B.I. Wohlmuth, An optimal a priori error estimate for nonlinear multibody contact problems, SIAM J. Numer. Math. 43 (2005)
156–173.
[14] N. Kikuchi, J.T. Oden, Contact Problems in Elasticity: A Study of Variational Inequalities and Finite Element Methods, SIAM, Philadelphia,
1988.
[15] D. Kinderlehrer, G. Stamppachia, An Introduction to Variational Inequalities and Their Applications, Academic Press, 1980.
[16] K. Lhalouani, T. Sassi, Noncom forming mixed variational formulation and domain decomposition for unilateral problems, East West J.
Numer. Math. 7 (1999) 23–30.
[17] Q. Lin, J. Lin, Finite Element Methods: Accuracy and Improvement, Science Press, 2006.
[18] Q. Lin, N. Yan, The Construction and Analysis of High Efficient Elements, Hebei University Press, 1996 (in Chinese).
[19] Q. Lin, N. Yan, A. Zhou, A rectangle test for interpolated finite elements, in: Proc. on Systems Science and Systems Engineering, Great Wall
Culture Publishing, Hong Kong, 1991, pp. 217–229.
[20] M. Moussaoui, K. Khodja, Re´gularite´ des solutions d’un proble`me meˆle´ Dirichlet–Signorini dans un domaine polygonal plan, Comm. Partial
Differential Equations 17 (1992) 805–826.
[21] F. Scarpini, M.A. Vivaldi, Error estimates for the approximation of some unilateral problems, RAIRO Mode´l. Math. Anal. Numer. 11 (1977)
197–208.
[22] J. Wang, Superconvergence and extrapolation for mixed finite element methods on rectangular domains, Math. Comp. 56 (1991) 447–503.
[23] D.Y. Hua, L.H. Wang, The noncom forming finite element method for Signorini problem, J. Comput. Math. 25 (2007) 67–80.
[24] Z.H. Zhong, Finite Element Procedures for Contact-Impact Problems, Oxford University Press, London, 1993.
